A Weighted Large Sieve Inequality

Anish Ray

In this article, we obtain a large-sieve type estimate by introducing a weight func-
tion  in the right-hand side as defined below.

The large sieve inequality in its linear algebraic version states that:

Theorem 1. Let (V7 <., >) be an inner product space, where the elements of V are
E.¢1, Qg R > 1. Then, we have

R
Y& o) <1&]1 max ) (i, 0] (1)
i=1 j
Let M > 1 be an integer and we define the weight function @(n) as follows:
13 k
O(N—M+k):= WL 0<k<MforN—-M<n=N-M+k<N-1,
5 23
o(n) = —Z%—l—? for N <n <2N,

3k
O2N+M—k):= 20 0 <k <Mfor2N <n=2N+M—k<IN+M,
®(n) := 0, otherwise.
N
We define the inner product to be {u,v) = ¥ @(n)u,Vy, the entries in & are (a,) and
n=1
for integers a,g > 1 the entries in {¢;} are an enumeration of {e (%n) | gcd(a,q) =
l,g < Q} for an integer Q > 1, where e(x) = ™,

Theorem 2. Let N,M > 1 be integers and ® be defined as above. Let (a,) be a
sequence of complex numbers. Then, using Theorem |l|with & and {@;} as defined
above, we obtain

q | 2N+M ON+M
Y3 ¥ atae(9) < (vs 50) (T avar). @
q<Qa=1'n=N-M n=N-M




Proof. Using Theorem[I] we get

N+M 2\ 2 IN+M
Z o(n)ape (qn) §< Z a)(n)an|2> m?xz

q

2 )

3 ome((2-4))|

q<Qa=1'n=N-M n=N-M J
Sj
3)
For the sake of simplicity, we write ot = % % andlet ||ot — B| > > g2 Letus first
obtain an estimate of §;.
13 M=l s a3 2N
Sj= | Y ke((a—B)Y(N—M+k)——= Y ne((a—B)n)+7 Y e((a—B)n)
8M 4N 8
k=1 n=N n=N
N $2 $3

M—-1

+a7 Y ke((o—B)(2N +M —k)) ‘
k=1

Sy
“4)

We want to evaluate the sums S;, 57,53 and S4 one by one. To this end, we note that

— d M—-1 d eMx —
(N—M+k)x ke | _ (N-M)x &
Zke Z dx(ze> ¢ dx(ex—1>

k=1 k=1 k=1
e(N—M)x|:(M ) (e =1) —e*(eM )} e(N—M)x[(M1)€<M+1)XM6MX+6"]
@12 CEE
(M— l)e(N+1)x _Mng+e(NfM+1)x
B (=172
Then, for x = 27i(at — ), we obtain
1
Si= T [(M—1>e<<a—ﬁ><zv+1>>—Me((a—ﬁ)N)+e(<a—ﬁ>(N—M+1>>].

Next, we have

% o i % A d €(2N+1)x — oNx
= dx \ =, dx e —1

B |:((2N+ 1)6(2N+1)x _NeNx)(ex _ 1) _ex(e(2N+1)x_eNx):|

(=17
2Ne(2N+2)x_(2N+1)e(2N+1)x_(N_1)6(N+1)x +NeNx
B (=172 ‘
Then, for x = 27i(oc — ), we obtain
Szzm{2Ne((a—ﬁ)(2N+2))—(N—1)e((0¢—/3)(N+1))—(2N+1)e((a—ﬁ)(2N+1))+e((a—[3)N) )



Next, we obtain

—e

Z = -1 (e —1)2 - (e —1)2

(2N+l) Nx (6(2N+1)x _ eNx)(ex _ 1) e(2N+2)x _ e(2N+l)x _ e(N+1)x_|_eNx

Then, for x =27i(a — ), we obtain

1
(e(a—p)—1)°

Lastly, we have

M—1 M—1 d (M= d [eMx_ px
Z keN+M—k)x _ _ ,(2N+M)x Z ek — _ Nt 4 Z ek | — _ N+Mx & <e e )
] s} d dx \ e*—-1

_e(2N+M)x|:( M e ) (et - 1)+€7x( Mx—ex)} :e<2N+M)X|:(M_1)e(M+I)X_M€Mx+€x:|

S3= {e(a—ﬁ)(2N+2)—e((a—ﬁ)(2N+1))—e((a—ﬁ)(l\”r1))+€((O¢—B)N)} :

(e —1)2 (e —1)2

(M — 1)e@N=1x _ pgo2Nx | oON+M=1)x (31 )(N+1)x _ prp(ON+2)x 4 pN+M+1)x

(e —1)? a (e —1)2
Then, for x =27i(at — ), we obtain

1
(e(a—p)-1)°

Then, we obtain

S4= {(M— 1)e((a—ﬁ)(2N+1))—Me((a—ﬁ)(2N+2))+e((oc—ﬁ)(2N+M+1))} .

13
8(e(a—p)—1)?

{2e((a—ﬁ)(2N+2)) _ <1 - ;,) e((o—B)(N+1))— (z+

S;=

5

4e(a—p)-1)? N

23 -
+W [e(a—ﬁ)(ZNH) —e((a=B)2N+1))—e((a—B)(N+1)) +e((a—B)N)
3 1 1
+W [(1 - M) e((a=B)2N+1)) —e((ax—B)(2N +2)) + Me((a—ﬁ)(2N+M+ 1))
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Forafixie {l,---,R}, (x*  is fixed. Then for j # i, o # B, and we have

5= ety v ) = et g (o )

&)

[(1—1‘]/[)e((a—ﬁ)(N+1)) e((a—B)N)+ Le((a BYN— M+1))_
) et@ v+ e pw)

1 5 3 5 13 3
(v~ ) @=BIN+ D)= (4 v ) el BV 1)+ goel(@—B)N-+M-+ 1)



When o = 8, from (4) we obtain,

13 5 23
Si=—=(M—1)—>(3N+3)+ =

3
" : . (M—1)=N+M. ©6)

(N—|—1)+16

Then we sum up S; over j, and using the 1nequa11ty o (a 5 = n2Ha BIE +1, we

proceed in the steps of Montgomery ([1], page no. 18) So, it follows from (5) and
(6), that

5 1 2 & |0?
Si<N+M R+ —= -
Zf— * +<8N+M) +77:2; j
i = @)
<N+M+ > + R+ '
8N M 3
Moreover, one obtains
3
R=1Y 9(q) ~ 30, ®)
q<Q
where ¢ is the Euler’s Totient function. So, the left-hand side of the last inequaity
n (7), can be rewritten as N + M + (8 —) ( ) Q>+ ) If we consider this as a

function of M, we obtain that the minima occurs at M = {\ / %QZ + %J . Then, using
2 4 .
% < {\/;Qz—i—%J \/§+32‘n€,we obtain

3 0 0° 33 33 ¢

Mo s~ et e T A
) ©))
_20 93 93
T3 2w
Hence, for Q and N large enough, we obtain (2). O
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