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Aim of the talk

(i) De�ne the Tate module and explain its properties.
(ii) Explain the relation between the Tate module and the isogenies between two elliptic curves.
(iii) Explain the construction of the Weil pairing.
(iv) Explain how the automorphism group of an elliptic curve looks like.

Notations and some de�nitions

• K perfect �eld, i.e., every algebraic extension of K is separable,
• K̄ a �xed algebraic closure of K,
• K∗ group of units of K,
• E a smooth curve,
• E/K E is de�ned over K,
• K(E) the function �eld of E over K,
• If K̄/K is a Galois extension, then GK̄/K is the Galois group of K̄/K,
• (Categorical de�nition of the Projective/Inverse limit) Given a diagram

A0
f0←− A1

f1←− A2
f2←− A3

f3←− · · ·

where (Ai)i∈I is a family of objects indexed by a poset (I,≤) and morphisms fi : Ai → Ai−1,
we de�ne the projective limit lim

←−
Ai to be the categorical limit of the diagram.

For groups and modules we can give an explicit construction of such an object,

lim←−
n

An =

{
(an) ∈

∏
n

An | ∀n ∈ N where f(n) = an−1

}
• (De�nition of the ℓ-adic topology) For a given prime number ℓ, the �eld Qℓ of ℓ-adic numbers
is a completion of the rational numbers. The �eld Qℓ is also given a topology, called the ℓ-
adic topology which is derived from a metric, which is itself derived from the ℓ-adic order, an
alternative valuation on the rational numbers.
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�1 The Tate Module

De�nition 1.1. Let E/K be an elliptic curve and let l ∈ Z be a prime. The ℓ-adic Tate module
of E is the group

Tℓ(E) = lim←−
n

E[ℓn],

the inverse limit being taken with repsect to the natural maps

E[ℓn+1]
[ℓ]−→ E[ℓn].

Since each E[ℓn] is a Z/ℓnZ-module we see that the Tate module has a natural structure as
Zℓ-module (here, Zℓ is the ring of ℓ-adic integers). Further since the multiplication-by-ℓ maps
are surjective, the inverse limit topology on Tℓ(E) is equivalent to the ℓ-adic topology that it
gains by being a Zℓ-module.

Proposition 1.1. As a Zℓ-module, the Tate module has the following structure:
(a) Tℓ(E) ∼= Zℓ × Zℓ if l ̸= char(K),
(b) Tp(E) ∼= 0 or Zp if p = char(K) > 0.

Proof. Using [Si] corollary 6.4(b), (c) and the fact that Zℓ
∼= lim←−

n

Z/ℓnZ ([Neu] Chapter 2 Propo-

sition 2.5), we obtain the desired result.

De�nition 1.2. The ℓ-adic representation of GK̄/K associated to E is the homomorphism

ρℓ : GK̄/K → Aut(Tℓ(E))

induced by the action of GK̄/K on ℓn-torsion points of E.

Note. From here on, we consider ℓ ∈ Z to be a prime number.

Let ϕ : E1 → E2 be an isogeny of elliptic curves. Then ϕ induces maps

ϕ : E1[ℓ
n]→ E2[ℓ

n]

and hence it induces a Zℓ-linear map

ϕℓ : Tℓ(E1)→ Tℓ(E2).

We thus obtain a natural homomorphism

Hom(E1, E2)→ Hom(Tℓ(E1), Tℓ(E2)).

Further, if E1 = E2 = E, then the map

End(E)→ End(Tℓ(E))

is a homomorphism of rings.

Theorem 1.2. Let E1 and E2 be two elliptic curves and let ℓ ̸= char(K). Then the natural
map

Hom(E1, E2)⊗ Zℓ → Hom(Tℓ(E1), Tℓ(E2)), ϕ 7→ ϕℓ,

is injective.
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Lemma 1.3. Let M ⊂ Hom(E1, E2) be a �nitely generated subgroup and let Mdiv = {ϕ ∈
Hom(E1, E2) | [m] ◦ ϕ ∈M for some integer m ≥ 1}. Then Mdiv is �nitely generated.

Proof. There is a natural mapMdiv →M⊗R de�ned by ϕ 7→ [m]◦ϕ⊗ 1
m
, wherem is any integer

such that [m]◦ϕ ∈M andM⊗R is a �nite-dimensional vector space equipped with the natural
topology inherited from R. Since Hom(E1, E2) is torsion-free ([Si] III.4.2(b)), so is M , so M is
free since it's �nitely generated. HenceM →M⊗R de�ned by ϕ 7→ ϕ⊗1, is an injection. This
means, that for each ϕ ∈ Mdiv, each ϕ⊗ 1 ̸= 0, hence Mdiv → M ⊗ R is also an injection. On
the other hand, the image of Mdiv is a discrete subgroup of M ⊗R. Indeed, from [Si] III.6.3 we
know that the degree map deg de�ned over Hom(E1, E2) is a positive de�nite quadratic form
so we can extend deg linearly as a quadratic form to M ⊗ R1. Also, deg is clearly continuous.

So, the set U =

{∑
i

ϕi ⊗ ai ∈ M ⊗ R | deg ϕ < 1

}
is an open neighborhood of 0. Further,

since Hom(E1, E2) is a torsion-free-Z-module, there is a natural inclusion Mdiv ⊂M ⊗ R and,
also Mdiv ∩U = {0} since every nonzero isogeny has degree at least one. Hence Mdiv is �nitely
generated.

Proof of Theorem 1.2. Let ϕ ∈ Hom(E1, E2) ⊗ Zℓ, and suppose that ϕℓ = 0. Let M ⊂
Hom(E1, E2) be some �nitely generated subgroup with the property that ϕ ∈ M ⊗ Zℓ. Then,
from lemma 1.3 it follows that,Mdiv is �nitely generated, so it is also free, since it is torsion-free.
Let ψ1, ψ2, · · · , ψt ∈ Hom(E1, E2) be a basis for Mdiv, and write

ϕ = α1ψ1 + α2ψ2 + · · ·+ αtψt

with α1, α2, . . . , αt ∈ Zℓ. Now �x some n ≥ 1 and choose a1, a2, . . . , at ∈ Z such that ai ≡ αi(
mod ℓn), i = 1, 2, . . . , t. Then the assumption that ϕℓ = 0 implies that the isogeny

ψ = [a1] ◦ ψ1 + [a2] ◦ ψ2 + · · ·+ [at]ψt ∈ Hom(E1, E2)

annihilates E1[ℓ
n]. It follows from [Si] III.4.11, that ψ factors through [ℓn], so there is an isogeny

λ ∈ Hom(E1, E2) satisfying ψ = [ℓn] ◦ λ. Further, λ ∈ Mdiv, so there are integers bi ∈ Z such
that

λ = [b1] ◦ ψ1 + [b2] ◦ ψ2 + · · ·+ [bt] ◦ ψt.

Then, since the ψi's form a Z-basis for Mdiv, the act that ψ = [ℓn] ◦ λ implies that ai = ℓnbi,
and hence αi ≡ 0( mod ℓn). This holds true for all n ≥ 1, so we conclude that αi = 0, and
hence that ϕ = 0.

Corollary 1.4. Let E1 and E2 be elliptic curves. Then Hom(E1, E2) is a free Z-module of rank
at most 4.

Remark 1.1. By de�nition, an isogeny is de�ned over K if it commutes with the action of
GK̄/K. Similarly, we can de�ne HomK(Tℓ(E1), Tℓ(E2)) to be the group of Zℓ-linear maps from
Tℓ(E1) to Tℓ(E2) that commute with the action of GK̄/K as given by the ℓ-adic representation.

1A rough idea behind extending deg from M to M ⊗ R is similar to the following ideas:

(i)To prove that the ring of integers in a number �eld is �nitely generated we embed them in Rr1 ×Cr2 , where

r1 and 2r2 are the number of real and imaginary embeddings, respectively.

(ii). To prove that the units in a number �eld are �nitely generated we embed them in Rr1+r2 .

Then we show that our groups sits as a discrete subgroup and hence it is �nitely generated. And, if one simply

has a group and a positive de�nite quadratic form, as is the case for End(E) and the degree map deg, then it

is quite natural to tensor with R and extend the quadratic form to put a Euclidean structure on the resulting

vector space.
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Theorem 1.5. (Isogeny Theorem) Let ℓ ̸= char(K) be a prime. Then the natural map

HomK(E1, E2)⊗ Zℓ → HomK(Tℓ(E1), Tℓ(E2)),

is an isomorphism if:
(a) K is a �nite �eld.
(b) K is a number �eld.

Remark 1.2. (A rough idea of the proof of Theorem 1.3) Note that ϕ ∈ HomK(Tℓ(E1), Tℓ(E2))
induces ϕn : E1[ℓ

n]→ E2[ℓ
n] for each n. We want to show, given such an ϕ ̸= 0, there exist one

or more homomorphism E1 → E2 whose induced actions on the Tate module, in some Zℓ-linear
combination, give ϕ.

It's important to note that given just a single ϕn : E1[ℓ
n] → E2[ℓ

n], we cannot reach the
desired conclusion. In fact, there can be such an ϕn for n very large but no nonconstant maps
E1 → E2 at all.

So we have to take advantage of the fact that ϕn exists for in�nitely many n.

We will do this by contrasting this in�nitude against something else we know to be �nite. For
K �nite, this �niteness is going to ultimately boil down to the �niteness of K. For K a number
�eld, it's going to be subtler, but ultimately boil down to the fact that there are �nitely many
elements of bounded size (at each in�nite place) in the ring of integers of K.

For each n, we can make an abelian surface that remembers the data of ϕn, by writing Φn =
E1 × E2/{(x, y) ∈ E1[ℓ

n]× E2[ℓ
n] | y = ϕn(x)}.

A priori, this appears to be in�nitely many di�erent abelian surfaces. The key claim to prove
is that there are actually only �nitely many di�erent surfaces Φn up to isomorphism.

Once we prove this, we will immediately get a bunch of isomorphisms Φn → Φm which combined
with the natural maps E1 → Φn and Φm → E2 will give us a lot of maps E1 → E2. We have to
do some algebra to show that we can combine these maps to recover a.

But the main arithmetic step is proving the �niteness of isomorphism classes.

For K �nite, we can �rst think about how we would solve the problem if the Φi were ellip-
tic curves. Then they would each have a j-invariant in the �eld K. There are in�nitely many
curves and only �nitely many di�erent j-invariants, and it's not so hard to see there can be
�nitely many (in fact, at most 6) curves over a �nite �eld with a given j-invariant, up to iso-
morphism.

For K a number �eld, to get �nitely many j-invariants, we have to show the numerator and
denominator of the j-invariant are bounded. An equivalent statement is that the height of the
j-invariant is bounded. This height was given by Faltings.

Theorem 1.6. (Serre) Let K be a number �eld and let E/K be an elliptic curve without
complex multiplication.
(a) ρℓ

(
GK̄/K

)
is of �nite index in Aut(Tℓ(E)) ∀ℓ ̸= char(K).

(b) ρℓ
(
GK̄/K

)
= Aut(Tℓ(E)) for all but �nitely many primes ℓ.
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�2 The Weil Pairing

Let E/K be an elliptic curve and �x m ≥ 2 such that (m, p) = 1, where p = char(K) if p > 0.
Now, E[m] is a free Z/mZ- module of rank two. Every free module comes equipped with a
natural nondegenerate alternating multilinear map, the determinant. Choosing a basis {T1, T2}
for E[m], the determinant pairing on E[m] is given by

det : E[m]× E[m]→ Z/mZ, (aT1 + bT2, cT1 + dT2) 7→ ad− bc.

However, the determinant pairing on E[m] is not Galois invariant. We can achieve Galois
invariance by using instead a modi�ed pairing of the form ζdet(P,Q), where ζ is primitive m-th
root of unity. To de�ne this pairing, we will make frequent use of [Si] (III.3.5). Let T ∈ E[m].
Then there is a function f ∈ K̄(E) satisfying,

div(f) = m(T )−m(O).

Next take T ′ ∈ E to be a point with [m]T ′ = T . Then there is a function g ∈ K̄(E) satifying,

div(g) = [m] ∗ (T )−m ∗ [O] =
∑

R∈E[m]

((T ′ +R)− (R)).

Then we can observe that this divisor sums to 0 since, #E[m] = m2 ([Si] III.6.4) and [m2]T ′ = 0.
Also, we observe that the functions f ◦ [m] and gm have the same divisor, so multiplying f by
an appropriate constant K̄∗, we may assume that f ◦ [m] = gm. Now let S ∈ E[m] also be an
m-torsion point, where we allow S = T . Then for any point X ∈ E, we have

g(X + S)m = f([m]X + [m]S) = f([m]X) = g(X)m.

Thus considered as a function of X, the function g(X+S)
g(X)

takes on �nitely many values, i.e., for
every X ∈ E, it is an m-th root of unity. In particular, the morphism

E → P1, X → g(X + S)

g(X)

is not surjective, so it is constant. This allows us to de�ne a pairing

em : E[m]× E[m]→ µm, (S, T ) 7→ g(X + S)

g(X)

µm, denotes the group of m-th roots of unity and X ∈ E such that g(X + S) and g(X) are
both de�ned and nonzero. The pairing that we have just de�ned is called the Weil em-pairing.

�3 The Endomorphism Ring

Let E be an elliptic curve. We have learned that
(i) End(E) has characteristic 0, no zero divisors, and rank at most four as Z-module (Corollary
1.4).
(ii) End(E) posseses an anti-involution ϕ 7→ ϕ̂ ([Si] III.6.2), where ϕ̂ is the dual isogeny to ϕ.
(iii) For ϕ ∈ End(E), the product ϕϕ̂ = 0 i� ϕ = 0 ([Si] III.6.2(a), III.6.3).
Next, we will describe the general classiication of rings satifying (i)− (iii).

De�nition 3.1. Let K be a (not necessarily commutative) algebra that is �nitely generated
over Q. An order R of K is a subring of K that is �nitely generated as Z-module and satis�es
R⊗Q = K.
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De�nition 3.2. A quaternion algebra is an algebra of the form

K = Q+Qα +Qβ +Qαβ

whose multiplication satis�es

α2, β2 ∈ Q, α2, β2 < 0, and βα = −αβ.

Theorem 3.1. Let R be a ring of characteristics 0 having no zero divisors, and assume R has
the following properties:
(i) R has rank at most four as Z-module.
(ii) R has an anti-involution α→ α̂ satisfying

α̂ + β = α̂ + β̂, α̂β = β̂α̂, ̂̂α = α, and â = a for a ∈ Z ⊂ R.

(iii) For α ∈ R, the product αα̂ is a nonnegative integer and αα̂ = 0 i� α = 0.
Then R is one of the following types of rings:
(a) R ∼= Z.
(b) R is an order in an imaginary quadratic extension over Q.
(c) R is an order in a quaternion algebra over Q.

Corollary 3.2. The endomorphism ring of an elliptic curve E/K is either Z, an order in an
imaginary quadratic �eld, or an order in a quaternion algebra. If char(K) = 0, then only the
�rst two are possible.

Proof. From [Si] III.4.2(b), [Si] III.6.2, and [Si] III.6.3 we have all the facts needed to apply
Theorem 3.1 to the ring End(E). This proves the �rst part of the corollary. If char(K) = 0,
then [Si] III.5.6(c) says that End(E) is commutative, so in this case End(E) cannot be an order
in a quaternion algebra.

�4 The Automorphism Group

Theorem. Let E/K be an elliptic curve. Then its automorphism group Aut(E) is a �nite
group of order dividing 24. More precisely, the order of Aut(E) is given by the following table:

#Aut(E) j(E) char(K)
2 j(E) ̸= 0, 1728 -
4 j(E) = 1728 char(K) ̸= 2, 3
6 j(E) = 0 char(K) ̸= 2, 3
12 j(E) = 0, or 1728 char(K) = 3
24 j(E) = 0, or 1728 char(K) = 2

Proof. First we consider the case when char(K) ̸= 2, 3. Then E is given by an equation,

E : y2 = x3 + Ax+B

and every automorphism of E has the form x = u2x′, y = u3y′, for some u ∈ K̄∗. Such a
substitution gives an automorphism of E i� u−4A = A and u−6B = B. If AB ̸= 0, i.e., if
j(E) ̸= 0, 1728, then the only possibilities are u = ±1. Similarly, i B = 0, then j(E) = 1728
and u4 = 1, and if A = 0, then j(E) = 0 and u6 = 1. Hence Aut(E) is cyclic of order 2, 4, or 6,
depending on whether AB ̸= 0, B = 0, or A = 0, respectively. For the other cases refer to [Si]
A.1.2(c).
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