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Introduction
We consider a family of functionals of the type

IF(u) = /Q w (;,VU(X)> dx, (1.1)

where Q RN is bounded, u: Q — R™ is a vector valued function
and W : RN x R™ — R is assumed to be measurable and
periodic on Y = [0, 1]N with respect to its first variable. The
deformation gradient of u is denoted by Vu and € > 0 is a (small)
parameter. Our goal is to show that as ¢ — 0 then /* converges to
simpler ""homogenized" functional

I(u) = /Q Wiom(Vu(x))dx, (1.2)

in a sense to be explained later. Furthermore we wish to give a
representation formula for Wpo,. This problem has been solved by
MARCELLINI in 1978 for scalar u and W convex and of
polynomial growth with respect to the deformation gradient. We
want to prove MARCELLINI's conclusion under weakened growth
conditions.



Some defintions

Definition 1

Let {/¥}.~0 be a family of functionals on W1P(Q) (1 < p < c0).
We say that {/}.~¢ is [-convergent to a functional / (with respect
to the weak topology of W1P(Q) if

(i) for every sequence {uf}.~ with u® — uin WLP(Q) we have

liminf 1*(4%) > /(u) (1.3)

(i) for every u € W1P(Q) there is a sequence {uf}.~0 with
u® — uin WHP(Q) and

lim I*(u®) = I(u). (1.4)

e—0

The result on the convergence of minimizers is contained in the
following lemma.



Lemma 1.1
Assume that {I°}.~¢ is [-convergent to | and g is a continuous
linear functional on WP(Q). Let u® € WLP(Q) be such that

F(uf) + () <inf{l(u) + g(u) | u € WHP(Q)} +¢

assume furthermore that {u®}. > 0 is weakly compact in W1P(Q).

Let u®" be any weakly convergent sequence, say u*" — u in

WYP(Q) as e, — 0. Then

(i) 1(u) + g(u) < I(v) + g(v) Vv € WHP(Q),

(i) min{l(u) + g(u) | u € WP(Q)} = lim igf{lg(u) +g(u)|ue
e—

WhP(Q)}. (1.5)

MARCELLINI showed that when W is convex and has polynomial

growth with respect to the the deformation gradient, the I'- limit is

given by

I(u) = /Q W(Vu(x))dx, (1.6)



with
W) = inf / Wiy, A+ Vo()dy.  (L7)
YEWRL(Y) )Y
Here Y denotes the unit cube and Wy (Y) is the WP-closure of
all the C! functions which are periodic on the unit cube.

Definition 2
Q is strongly star-shaped if 3x € Q such that

—x+QCal—x+Q) Va>1. (1.8)

Theorem 1.2

Assume that Q is a bounded C%1 domain in RN and strongly
star-shaped. Assume furthermore that W satisifes

(i) W(y, \) is convex with respect to A,

(if)al AP < W(y,A) < M(X) Vy, where N < p < oo, a> 0 and
M(X) is finite for all finite \. Then {I¢}.~o given by (1.1) is
[-convergent to | given by (1.6) and (1.7).



Proof of theorem 1.2

The proof falls into two parts: the demonstration of a lower bound
and the explicit construction of a sequence which achieves the
bound. We state the conclusions separately:

Lemma 1.3
Let the assumptions of Theorem 1.2 hold, let {I°}.~o and | be
given by (1.1) and (1.6), respectively. Let u* — u in WLHP(Q).
Then

liminf I°(u®) > I(u).

e—0

Lemma 1.4

Let the assumptions of Theorem 1.2 hold, let {I¢}.~¢ and I be
given by (1.1) and (1.6), respectively. Then there is a sequence
{uf}es0 with u® — u in WLP(Q) and

lim I°(u®) = I(u).

e—0



To establish the lower bound (Lemma 1.3) we approximate the
integrand W by a nondecreasing sequence W™ of convex
integrands which satisfy polynomial growth conditions. The
following special case of a result of MARCELLINI applies to such
integrands.

Theorem 1.5

(MARCELLINI) Let Q be a bounded C%' domain and assume that
(i) W(y, A) is convex in X,

(i) a|lA\|P < W(y,\) < b(L+|AP), a>0, p>1]. Then
{IF}e>0 given by (1.1) is ['-convergent to | given by (1.6).

We will use the following standard approximation lemma.

Lemma 1.6

Let W be as in Theorem 1.2. Then there is a non-decreasing
sequence of functions W™ (y, \) such that (i) W(y, \) is convex
with respect to A,

(iW(y,A) = lim W™ (y,A),

(i) a|AP < W(y,A) < b(1+|AP), a>0, p>1].



Proof.
Define

W™ (y, A) == sup {W(y, ) + aﬁ W(y,u)- (A - u)},
lu|<m H

where gW(y,,u) denotes any subdifferential at . Clearly, W™ is
1

nondecreasing in m and each W’"(y, A) is convex in \ as a
supremum over affine functions. By convexity of W we have
W™(y,\) = W(y, \) if |]\| < m which proves (ii). Each W™
grows linearly at infinity. The rate of growth is bounded by

[68 W(y,,u)] which is uniformly bounded for || < m by the
1

following argument. Let B(\) = sup W(y, ). The function B is
y

convex as a supremum over convex functions and finite by
assumption, therefore continuous on R™Y. Now we have for every
unit vector e € R™



Proof (Cont.)

Wy, pn)—W(y,p—e) < iW(y, p)-e < Wiy, pt+e)—W(y, p).

It follows that

<B(p—e)+B(p)+Blp+e)<Cn

0
‘aﬂW(y,u) -e

V|p| < m, since |u £ e| < m+1 and B is continuous. Thus we
have ’;LW(y,,u)]‘ < Cp if |p| < m. Now
W(m, \) = max{ W™(y, \), a|\|P}, satisies (i), (ii) and (iii).

O



Lemma 1.7
Let W and W™ be as in Theorem 1.2 and lemma 1.6. Let for a
fixed \ € M™*N

J"(y) = /Y W™ (y, X+ Vi(y))dy.

Then W™(A\) = inf  J™(¢)) converges to
YEWF(Y)
W) = inf  J(¥) as m — oco.
YEWL(Y)
Proof.

Note that the infimum of J™ is attained by the convexity and
coercivity assumptions and let )™ be a minimizer of J™. Clearly
Jm (™) < J™(0) < W(N), so by coercivity we may assume that
Y™ is equibounded in W1P(Y) and we can extract a weakly
convergent subsequence which we again denote by ¥™. Let ¢ be
the limit. We wish to show that ¢ minimizes J. Let ¢ € Wp22(Y)
be arbitrary.



Proof (Cont.)

Becasue J™ is non-decreasing, we obtain for every fixed | € N

J(¢) = lim_J™(¢) = liminf J7(¢™) > liminf J'(¢™) = J'(9),

m—00 m—-00

where we used the weak lower semicontinuity of J/ (note that W/
is convex) in the last step. Letting /| — oo and using the monotone
convergence theorem we see that¢ minimizes J and

Wm(A) = J7(6™) = J(6) = W(N). O

Proof of lemma 1.3.
Let u® — uin WHP(Q). Then

liminf I°(¢%) > liminf [ W™ <z,vu6(x)> dx 2/ W (Vu)dx
Q

e—0 e—=0 Jo

by Theorem 1.5. The conclusion follows from Lemma 1.7 by
letting m — oo and using the monotone convergence theorem. []



Lemma 1.8
Let Q be a bounded C%' domain which is strongly star-shaped.
Let W :R™ — R be convex and u € WHP(Q) such that

/Q W(Vu)dx < co.

Then
(a) there is a sequence v, € C*®(Q) such that v, — u in W3P(Q)
and

/QW(an)dx — /Q W(Vu)dx.

(b)We can find a sequence of piecewise affine functions with the
same properties.

Lemma 1.9
Assume ,5 > 0, f : R§ x Ry — RU (£00). Then there is a
mapping € — 0(g) such that ¢ — 0 implies 6(¢) — 0 and

limsup f(d(e),e) < limsuplimsup f(4,¢)

e—0 0—0 e—0



We turn to the proof of Lemma 1.4. We proceed in three steps,
considering u to be affine or piecewise affine in steps one and two.

Proof of lemma 1.4.

Step 1. v affine, says u = Ax. Let ¢ € Wplé’r’(Y) be the minimizer
of [y W(y,A+ V¥(y))dy and set u°(x) = Ax + ey (£). By
periodicity

Jow (296 09) dx = 191 [ Wlyavim)ay =210,

which is the desired result.
Step 2.Next we consider the case that v is piecewise affine, i.e.
there are finitely many disjoint open sets €2; and a set N of

N

measure zero such that = U Q;UN and Vu |g,= A;. Let
i=1

¥ € WaP(Y) be the minimizer of Jy W(y, i + Vi(y))dy and

define ve(x) = Ax + etpj (¥) for x € Q;. We define

£

Y0 = {x € Q| dist <X,U8§2> < d}.



Proof (Cont.)
Choose ¢° € W1(Q) such that 0 < ¢° < 1 and
1 ifxex?
0 €,0 0Y,/€ 0
X) = . We set v®° = (1 — ¢°)v® + ¢°u.
() {0 if xcQ\x? (1=97) ¢
Now, v¥° = u in £ and hence v € W1P(Q). In Q; we have

Vv = (1= ¢°)Vve + ¢° A + Vo (u — vo);
sofor0<t<1,
IF(tved; Q) =
Jo, W (2,61 = ")V + 62N + (1 = £) 15,V (u — v¥) ) dx.
Now, t(1 — @) + t¢® +1 —t = 1; hence by convexity
F(tve?; Q) < Jo, t(1 — PYW (%,Vve) dx +
Jo, t6°W (£,00) dx + (1= £) fo, o'W (%, (5 Ve0=y (£)) dx
=l 4+ b + 5. We pass the limit |n~the order of e - 0, 6 — 0,
t — 1. As above, W (%, Vve) — W(X;) in L}(€;), therefore

lim lim lim b =0
t—+15—0e—0



Proof (Cont.)
lim lim limsup I5(tve%; Q;) < || W(\);
t—16—=0 0

by summing over i,

. . . 5 0.0, <
ll_rpl g[)nollren_s}gpl (tv®?; Q) < I(u).
Using lemma 1.9, we obtain d(¢), t(¢) and §(¢) — 0, t(¢) — 1 as
e — 0, such that with v = t(s)ve";(‘g),
L (F) <
tll_rpl gl’nollr?j(l;pl (u®) < I(u). (1.9)
Furthermore u® — u in LP(Q) since v&° — v in LP(Q) uniformly in
d. By equicoerciveness ||V u?||,, is equibounded, so u* — u in
WP(Q). By Lemma 1.3 we can replace limsup by lim. Note that

e—0 e—0
we used [09Q;| = 0.



Proof (Cont.)

Step 3. Now we consider a general u € WP(Q). It is sufficient to
consider I(u) = o W(Vu)dx < co. We invoke Lemma 1.8 to
obtain a sequence u; of of piecewise affine functions such that

ui — uin WHP(Q) and I(u;) — I(u). To apply Lemma 1.8 we
only have to check the convexity of W, which follows from the
following calculation:

W) + (1— )W () =

Jy t- Wy, A+ Vipa(y))dy + [y (1 = 1) - W(y, A + Vipao(y))dy

> [y - W(y, tA+ (1= t)u+ tVih(y) + (1 — £)tVii(y) Viba(y))dy
> WA+ (1 - t)p).

Using Step 2 we find, uf — uj in LP(2) such that I(uf) — I(u;).
This gives

o e(e) e _
fim fim {[1°(uf) — ()| + [[0f — ullyp} =0.

Applying once again Lemma 1.9 and using the equicoerciveness we
can find a sequence {v¢}.~¢ such that v¢ — uin W1P(Q) and
I(ve) — I(u). O



Using Step 2 we find, uf — u; in LP(Q) such that I°(uf) — I(u;).
This gives

lim lim {177 (uf) — I(u)] + [Juf = ufl o} = 0.

i—00 e—
Applying once again Lemma 1.9 and using the equicoerciveness we
can find a sequence {v¢}.~¢ such that v¢ — u in W1P(Q) and
IF(ve) — I(u). O
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