AN ESTIMATE FOR THE NUMBER OF SOLUTIONS OF FORMS IN
PRIME VARIABLES

ANISH RAY

Abstract. In 2021, J. Liu and L. Zhao [6] proved the existence of solutions of a
system of R forms with at least 4Y*2d*R> prime variables. Using the Hardy-Littlewood
Circle method they found an estimate for the number of such solutions which confirms
the existence of prime solutions of a system of forms satisfying some local conditions.
In this article, we obtain an unweighted estimate for R = 1 using a minimalist approach
derived by K. Biggs and J. Brandes [1]].

1. INTRODUCTION

A Diophantine equation is a polynomial equation in one or several variables which
only accepts integer solutions. The history of diophantine equations dates back to Dio-
phantus of Alexandria around 250 AD. Since then problems concerning the solution
of diophantine equations has been a central theme of research in mathematics. Some
famous examples of such problems are the problem of pythagorean triples, Fermat’s
last Theorem, the Goldbach Conjecture, Waring’s problem, etc. Some of these prob-
lems have been solved using elementary methods from number theory while others
required complicated and advanced tools in number theory and geometry developed
recently. A variant of Goldbach problem a.k.a the Ternary Goldbach Conjecture has
been solved in 2013 by H.A. Helfgott [S)], and significant progress has been made by
mathematicians towards the soution of the Waring Problem (c.f. [4]) over decades
using tools from Analytic Number Theory. However, a complete solution for either
of these problems is currently out of reach. Although Diophantine equations mostly
consider solutions in terms of general integers, some variants of the problems men-
tioned above such as the Ternary Goldbach problem, the Waring-Goldbach problem,
the Twin Prime Conjecture, etc. consider solutions in prime numbers.

In recent times, the problem of exploring the existence and the number of prime so-
lutions of forms, which are homogeneous polynomials with integer coefficients, have
gained much interest among number theorists. Birch [2] in 1962 gave a method to find
integral solutions of forms with sufficiently large number of variables. Much of our
work is based on the methods invented by Birch.

We consider a system of equations of homogeneous polynomials of degree d > 2
Fi(x) =F(x1,...,%,) € Zlx1,...,x,), 1 <i<R. (1.1)
We are particularly interested in the equation
F(xi,...,x,) =0, (1.2)

where xp,...,x, are primes. B. Cook and A. Magyar [3] in 2014, were able to establish
the solution of (I.2) for large n. In fact, they established that that the upper bound for
the minimum number of prime solutions of (I.2) n is an exponential tower in d. Later
in 2021, J. Liu and L. Zhao [6], reduced the upper bound for the minimum number of
prime solutions n of satisfying some local conditions to 4¢24%R>. On the other
hand, S. Yamagishi [7] using a different method showed that the minimum number
of prime solutions n of (I.2) for a single form satisfying some local conditions to be
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28345243 (2d — 1)%44,

In this article, we will deduce an unweighted version of the result obtained by J. Liu
and L. Zhao in [6] for R = 1 using a minimalist approach as presented by K. Biggs and
J. Brandes in [[L]. J. Liu and L. Zhao have already established the existence of prime
solutions of (I.2)) satisfying some local conditions in [6] Theorem 1.1 . They proved
it using the Hardy-Littlewood circle method.

2. FORMULATIONS AND NOTATIONS

For the sake of clarity, we follow the notations in [6]]. Let B be a fixed box in the n-
dimensional space determined by b’j <x; < b’j’ ,0< b’j < b}’ < 1. Let P be a sufficiently
large positive integer and PB denote the set of all vectors x = (xy,...,x,) such that
P~ !x € B. We define

n
Ne(P) =Y, []le(x) 2.1)
XEPB i=1
F(x)=0
where F € Z[xy,...,x,] is a homogeneous polynomial of degree d > 2, P C Z denotes

the set of prime numbers, and for x € Z

1 ifxelP
Ip(x) =
P(¥) {0 otherwise.

Let V C A" be the variety defined as V =Vp = {x € A" : F(x) =0}, and Vjf = {x €
A" : VF(x) = 0} denote the singular locus of V, where VF(x) = ( of 9f )

dx1 7" dxy

Theorem 2.1. Let F € Z|xy,...,x,] a homogeneous polynomial of degree d > 2 satis-
fying VF(x) # 0. Let Np(P) be defined in . Suppose, thatn > 12-24(24 4-1)(d —
1) +4d + 8. For a sufficiently large A > 0, we have

Np(P) = G53pP" 4 (logP) ™" + 0 (P"_d (1ogP)—A) , 2.2)

where the singular integral Jp and the singular series G}, are defined in section 5 and
section 6, respectively.

Then, similar to as noted in [6], Theorem 1.1 follows from Theorem for F.
Next, we define some objects and their notations which will be used in the sections to
follow.

We use the standard notation e(z) to denote ¢*™. We also note that for x € Z”,
I <x<Xdenotes ] <x; <X forall1<j<n.

For a fixed positive integer i, let the sequence of real numbers {A;(x)} satisfy

n
Ai(x) =Ip(x) forall x > 1. Then, for x = (x1,...,x,) € N, we define A (x) = [T A:(x;).
i=1

We define the exponential sum

Sr(a) =Y A(x)e(a.F(x)), (2.3)
1<x<P
where a € R. The major arcs are defined as
_ a_ Qa 0O
M= U U | - pg T opl| 24)

1<g<Q1<a<Q
(a,9)=1

d .
Then for Q < %Pf, the minor arcs are defined as

m(Q) = [P, 14+ P 7] \ M(Q). 2.5)
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3. MEAN VALUE ESTIMATE

As defined in [6], let 2(x,w) is a polynomial of (x,w), and the degree of & with
regard to x is smaller than d, in other words, deg, (h) < d. For ¢« € R and x € 7k, we
define

Z?L e(o-h(x,w)),

1<w<pP
where w € N'. Similarly, we define

Zl e(o-H(x,u)),

1<u<pP

where u € N/, H(x,u) is a polynomial of (x,u), and the degree of H with regard to x
is smaller than d. When ¢ = 0, we consider £(a;x) = 1. Let g be a form of degree d
in x, and n C [0,2] be a measurable set. Then, we define

Ji=dn="Y,

1<x<P
Using A;(x) = Ip(x) instead of |4;(x)| < logx for all i € {1,...,n} in the proof of
Lemma 4.1 in [6], we obtain the following estimate for J.

Lemma 3.1. Let J be as defined in (3.1). Let k > 0 be a real number satisfying
x> 24(d —1). Suppose that k — dimV; > k. Let X < %P%. Then, we have

2

/e(a-g(x))&(a;x)?(a;x) dal . 3.1)

ok
J< Pk+2t+21—d(10gP)kX2 @) g
+x%p Z / |&(a;x)T (o x)|? de,
1<x<P
where the implied constant depends only on (the coefficients of) g.

Following [6], let G(x,y) be a polynomial in (X,y), and the degree of G as a poly-
nomial of x is smaller than d. For x € Z", we define

To(ot;x) Z A(y)e(a-G(x,y)),
1<y<pP
where y € N/, Let
2

| ela-sx)To(ex)da | (3.2)

I=l,=Y

1<x<P

where f is a form of degree d. Putting k =m, / =0, and T(a;x) = T(@;x) in Lemma
[.1] we obtain the following version of Lemma 4.2 in [6].

Lemma 3.2. Ler I be as defined in (3.2). Let k > 0 be a real number satisfying
K> Zd(d— 1). Suppose that m —ding* >K Let X < %P%. Then, we have

2K
]<<Pm+217d(logp)mx 20-T(g—1) \ﬂ|
+x2p 1 Y /|:ro a;x) | dar.
1<x<P"

Next, for a form of F of degree d in n variables, we write x = (y,z,w), where
yeN" ze N, we N, and m+ s+t =n. Then F can be uniquely written as,

F=7(y)+8(y,z)+h(yz,w) 3.3)
where the degree of g as a polynomial of y is smaller than d and the degree of / as a
polynomial of (y,z) is also smaller than d. Let us write
Z Z Z A(y)A(z)A(w)e(a.F(y,z,w)). 3.4
1<y<P1<z<P1<w<P
3



We define
Eya(@) =Y, A(W)e(a.F(y,z,w)). (3.5)

1<w<P
Using Lemma 3.T]and Lemma[3.2]in the proof of [6], we obtain the following version
of Proposition 5.1 in [6]].

Proposition 3.3. Let Sp(a) be given in (3.4). Let F be as described above. Let
X< %P%. Let k| and Ky be two real numbers satisfying min(kj, k) > 2¢(d — 1).
Suppose that m — dim Vf* > K1 and m+s — dim Vg* > Ky. Then we have

k1 i

/ Sp(a)da < P"~% (logP)"X 21 |n|? + P" ¥ (log P)"X 2 2711 |n3
Jn

+Pm+s—dX2 sup(E),

where sup(€) = sup supsup |Ey (t)].

oen y z

4. A NON-TRIVIAL ESTIMATE OF sup(€) AND THE MINOR ARC ESTIMATE

Letm > 1,dy,...,dy > 1, and d; +--- +d, = d. Let B,,(P) be the box in m-
dimensional space defined by P < x; < b/P where 0 < b, < b/} < 1 are fixed con-
stants for 1 < j < m. We define

m

Y (00) = Z Hﬂp(x,-)e(f(xl,...,xm)),

XL Xm € B (P) =1

where f is a polynomial in xp,...,x, of degree d with real coefficients. We can
assme, f(x1,...,%,) = ch‘li‘ .xIm 4 g(xy,...,xn), where g is a polynomial with real

coefficients, such that the coefficient of )c(li1 ..xIm in g is zero, deg,.(g) < d; for all
ie€{l,...,m}, and deg(g) <d.

Then, using A;(x) = Ip(x) instead of |A;(x)| < logx for all i € {1,...,m} in the
Lemma 6.1 in [6], we obtain:

Lemma 4.1. Let m > 2. Suppose that Q < P, and let o € m(Q). Then we have

1
Tm(0) < P"(logP)Q 7.

Lemma 4.2. Ler 0 < b’ < b” < 1 be two fixed constants. Suppose that Q < Pi. Let
o € m(Q). Then we have

Ip(¥)e(£(x)) < P(logP)6Q ¢,
b P<x<b'P

for arbitrary € > 0.

Proof. For primes p € P,

Ip(xe(f(x) =), e(f(p))

b'P<x<b'P YP<p<i'P
= Y e(f()lp(x)
B'P<x<b'"P
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Then, using partial summation we obtain

logx
——e(f(x))Ip(x)| < e(f(x))Ip(x)logx
bpx<pp 108X log P p Zprp
v e(f (x))lp(x) logx
+/bfp L X(ogx)? |
b'P<x<X
1
< e(f(x))Ip(x)logx
logP|,p 22 p
FeCotoe]) [
+ sup e(f(x))Ip(x)logx / ———dX
A vr [X(logX)?|
sup e(f(x))Ip(x)logx
log P ypox<prp| ypiex
Using Lemma 6.8 in [6], we obtain
1 _L
P22 (f(x))Ip(x) < P(logP)’Q 20 ¢
bpreip 1087
for an arbitrary € > 0. (]
Let h(xy,...,x;) be a form of degree d and let g(xj,...,x;) be a polynomial of
x = (x1,...,%) of degree smaller than d such that
f=g+h
We define .
&(a) = Z H}Ip(xi)e(af(xl,...,xm)). “4.1)

X1y Xt €By(P) i=1
Taking R = 1, and using Lemma [4.2] instead of Lemma 6.8 of [6] in the proof of
Lemma 6.9 in [6]], we obtain the following:

Lemma 4.3. Ler £() be given in . Let h be non-zero. Let Q < P and o € m(Q).
Then we have

1
&(a) < P'(logP)3Q 20"
for arbitrary € > 0.

Using Proposition and Lemma we obtain a non-trivial bound of sup(&)
which follow as a result of the following lemma analogous to Lemma 6.10 in [6] for
R=1.

Lemma 4.4. Let E(at) be given in . Let h be a non-zero polynomial. Let Q < %P%
and o € m(Q). Then we have

1
&(a) < P'(logP) Q" 2 Ta
for arbitrary € > 0.

Let F be a form of degree d as represented uniquely in (3.3). Then, we can repre-
sent 2 uniquely as
h(y,z,w) = G(y,z,w)+ H(w), 4.2)
where G is a polynomial with deg,,(G) < d, Hisaforminw e N,y € N”, andz € N*.
Then using Proposition[3.3|and Lemmaf4.4]instead of Proposition 5.1 and Lemma 6.10
of [6] in the proof of Lemma 7.1 in [6], we obtain the following analogue of Lemma
7.1 of [6] for R = 1.



Lemma 4.5. Let F be a form of degree d in n variables with the unique representation
asin and . Let L < %P%. Let m(L) be as given in . Suppose that

(i) m—dimV} > K = (292 4+1)-29(d - 1) +1,
(i) m+s—dimVy > iy = (2942 +43).29(d — 1) + 1, and
(iii) H is non-zero.
Then there exists a positive number & > 0 (depending on d) such that

/ Sp(a)da < P"~(log P51,
m()

As shown in [6]], we apply Lemma 8.1 and Lemma 8.2 of [6] for R = 1, to obtain a
minor arc estimate without the conditions mentioned in Lemma [£.3]

Lemma 4.6. Let F be a form of degree d in n variables and VF #£ 0. Let L < %P%.
Let m(L) be as defined and o € w(L). Suppose n > 2k + k| +4d +5 = 24(3.
2942 1.7)(d — 1) +4d + 8. Then there exists a positive number § > 0 (depending on
d) such that

Sp(or)da < P~ (logP)" L%,

m(L)

5. THE SINGULAR INTEGRAL

Recall the n-dimensional box B determined by b, < x; < b7, 0 < b}, < b7 <1,
1 < j < n. We define

Pby Pb!! F
Ip( / e(p x" eBFx, X)) g g (5.1)
P 110gxl
and
v(B) = [ e(BF(x))dx. (5:2)
Letli: [2,4oc0) — [0,4o0) be defined as
T odr
h(x) = @
2

Now, we refer to [[1] to determine a change of variables to express Jp(f3) in terms of
v(B). Following section 4 of [1]], we note that we can rewrite (5.1) as

9p(B) = (5(P)" [ e(BF ! (i(P)0)dx. 53
where i~ (x) := (i~ (x1),...,1i 1 (x,)).

Moreover, we define 8 = BP?, z := z(x) = (z1(x1),...,2,(xs)), where
zi=2zi(x;) =P i (1i(P)x;), 1 <i < nand

wp(0) = /?3 e(OF (2(x))) dx. (5.4)
Let log(z) := (logzi,...,logz,). Then as mentioned in sections 5 and 7 of [1]], we
define the P-normalized measure of level P on R* as
P 1
dop(z;) := (5.5

— _ dz
li(P) log(Pz) "
and, we denote

dG]P HdO-]P Zl
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Then, we can rewrite (5.4) as

wp(0) :/Be(GF(Z))dGP(Z) = <10ip>n {/[Pb/l’pb/{] ' “/[Pbﬁl,Pb{{] Wn

56
with some abuse of notation, after the change of variables we relabel the integration
variable as z.

In the next lemma, we get rid of the logs in the representation of wp(6) in (5.6) as
follows:

Lemma 5.1. Let 0p(0) be as defined in (5.6). Then, we obtain:

R 0 VR S =i | A R

1

Proof. We consider the difference

PbY Pb;,
/ / e ﬁF Zlv 7Zn)) dzl.”avzn_@/})B e(ﬁF(Z))dZ, 6.7

l 1 log i

and estimate its absolute value.
By the triangle inequality and the bound |e(BF(z))| = 1, we obtain

LU |

o I :
/pg «(Br@) (Hlogz - (logP)"> dz‘ = /PB 11

————\dz. 5.7
i 1logz;  (logP)" 2 57)

We now bound the integrand uniformly on the box PB. For eachi € {I,...,n} and
each z € PB, we have
Pb; <z < Pb},
and hence
logz; = logP+1og(z;/P).
Since z;/P € [bl,b!] € (0,1) is bounded away from O and o, there exists a constant

IR

Co > 0, depending only on B, such that

|log(z;/P)| < Co (zePB,1<i<n). (5.7a)
For P sufficiently large we have log P > 2Cy, and therefore
1 1 log P —logz; 1 i/P 1
_ _ Og ngl _ | Og(zl/ )l < 55 (571’))
logz; logP| |(logz;)(logP)| (logz)(logP) — (logP)

uniformly for z € PB and 1 <i < n. Consequently,

L1 +0 : (ze PB)
logz; logP (log P)? : ’

with an implied constant depending only on B.
Multiplying (5.7¢) over i = 1,...,n (with n fixed), we obtain

n 1 1 n 1
,»Ul logz; (logP) +0<(10gp)n+1) (z€ PB), (5.7d)

again uniformly on PB. Hence

B < € PB). 5.7¢
i logz;  (logP)" (log P)+1 (z ) (5.7¢)
Inserting (5.7e) into (5.7'), we deduce that
_ . | |
P8 |i1logz;  (logP)" (log P)1




Since vol(PB) = P"vol(‘B), this yields
n
1

o 1

1 logz; ~ (logP)"

n
dzk

(10gp)n+l ' (57g)

Multiplying both sides of (5.7g) by (logP)Vl and letting P — oo, we conclude that

log P /”” /”ﬁfeﬁF 2. 2n)) 1/
dz; — — F(z))dz — 0.
( ) [ P o g [ elr@)a:

i=1

This proves the claim of Lemma 5.1. (]
From Lemma 5.1} we obtain
1
@3(6) ~ ﬁ/PBe(BF(Z))dz. (5.8)
From (5.3)) and (5.4),we obtain
Jp(B) = (i(P))" wp(6). (5.9)
Substituting (5.8) in (5.9),
1
J =— .F(z))dz. 5.10
P(B)= Gogpyi o ¢UBF(2)) 2 (5.10)
We further obtain,
Pn
Ip(B) = +—= | e(P'BF(z))d 5.11
P(B)= Gogpyr [, ¢P'BF(2) s 5.11)
P n
= PB). 5.12
(i) vir's) 5.12)
By Lemma 5.2 of Birch [2], we have v(f) < W Then the singular integral
could be defined as
Jr= lim v(B)dB. (5.13)
Q=+ JIp|<0

Further, Lemma 5.3 of Birch [2] gives us the following estimate:

Lemma 5.2. Let Jf be as defined in (5.13). Suppose holds. Then, we obtain

|3F—/ v(B)dB| < Q7. (5.14)
IBl<Q
6. THE MAJOR ARC ESTIMATE
We define (b)
* % aF
N (q7a):SF(q?a): Z 6( >> (61)
1<b<g 4q
(b,q):1
where b = (by,...,by,), and gcd(b,q) = 1 implies gcd(b;,q) = 1 forall i € {1,...,n}.
Let
Y. S'(aq).
1<a<q

(a,9)=1
Then, using Lemma 10 in [3]], one obtains

P
n—dim Vg

1 - +e
s @ <a 6.2)
From Lemma 8.2 in [6]], we obtain
n—dimV; > 244 (6.3)
Using (6.2) and (6.3), we obtain
1
Aq) <q ' ° (6.4)

o(q)"
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for some & > 0 (depending on d). We define the singular series subject to condition
©3). as
|
&y = A*(q). 6.5)
q; ¢ (q)"

As mentioned in section 3 of [6], to study the major arcs for diophantine equations in
prime variables, we define £ = (log P)*°, where A > 0 is sufficiently large. Let the
major arc be defined as 2t = (L) and the minor arc as m = m(L).

Lemma 6.1. Suppose that holds and d is as defined in . Then, we have

Pn—d
Sp(a)da = GLIpP" (1 P‘"+O( 5—5).
/m rl@) FIrP" (logF) (logP)"

Proof. Using the definition of the major arcs 9], we obtain

/SF wda=Y Y /lﬁsq,‘;dSF <Z+[3> dB. (6.6)

g<L 1<a<q
(a,g)=1

Applying the Siegel-Walfisz Theorem and the partial summation formula for g < £

and |B| < Pd’ one can deduce

a 1
Sr(5 +B) = WS(q,a)*Jp(ﬁ)+O(P”L’2023), 6.7)
where the Gauss sum S(g,a)" is given in (6.1) and the integral Jp() is given in (5.12).

Then, putting (6.7)) in and using the definition of A*(g), we obtain

/mSF(a)da: <101;P>anA*(q)/

v(P'B)dB+0 (PL2) . (6.8)

Bl< %

<L
With a simple change of variables, we obtain
P d
Sk ( A / v(B)dB+0 (PIL ). (69
o Sr(@de = g Z @) V()48 (69)

Applying Lemma[5.2]to @), one obtains

Pnfd i N Pnfd 0] ((qul)%) i
/msp<a>da—wqgﬂ (9)9F + (logp),,q§ s @l ©10

Using (6.4) in (6.10), we obtain

Pnfd
Sr(a)da AT +0( —=L70). 6.11
/sm rla)do logP q;L e ((logP)” ) ©.1D)
Applying (6.4) again, we obtain
Y At(q) =Y A*(q)+0(L7P). 6.12)
q<L q=1
Using (6.3) and (6:12)) in (6.11), we obtain the desired result. O

We know, that

1
P) :/ Sp(oc)da:/ Sp(a)da+/ Sr(o)de.
0 M(L) m(L)
Then, using Lemmaf4.6]and Lemma[6.1] we obtain
Nr(P) = &3:3rP" 4 (1ogP) ™" + O(P"“(log P)" > £ ~%). (6.13)

Choosing Ay sufficiently large, proves Theorem [2.1]
9
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