Deep Neural Networks and the Analysis of the
Approximation Error

Anish Ray
University of Muenster

01 June 2022



Introduction

An artificial neural network combines biological principles with
advanced statistics to solve problems in domains such as pattern
recognition and game-play.

In this talk we are going to learn the mathematics behind the deep
neural networks, the vectorized and the structured description and
how they are connected, some examples and properties of DNNs.
Then in the last section we will try to analyse the approximation
error.

Note. We wil see soon that d denotes the no. of neurons, L
denotes the no. of layers, /; the no. of neurons in the jth layer, and
the vector § € RY stores the real parameters (the weights and the
biases) for the considered neural network N$737‘192,..-,\VL'



Deep Neural Networks

Definition 1

(Affine functions) Let d,r,s € N, 6 € NU {0},

0 = (01,02,...,04) € RY satisfy d > 6 + rs + r. Then we denote
by A?;g : R®* — R’ the function which satisfies for allthe function

which satisfies for all x = (x1,x2, -+, xs) € R® that
0541 0542 coo Osys X1 051 rst1
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Vectorized description of DNNs

Definition 2
Let d,L €N, Ip,h,...,IL €N, § € NU{0}, 6 € R? satisfy

L
d>5+ > h(lk_1+1)and let W : Rk - Rk ke {1,2,...,L}
k=1

be functions. Then we denote by N 5\1{,02 L Rb — R the

function which satisfies for all x € R’O that

L1
0 5+Z I /k—1+1)

0.5,
Nwl,ugz \uL(X): WLOA/L OWlOA/l/0 ().

/L1

Definition 3

(Activation functions) Let d € N and ¢ : R — R be a function.
Then we denote by My, 4 : R — RY the function which satisies
for all x = (x1,x2,...,xq) € R? that

My,a(x) = (Y(xa), P(x2)s -, ¥(xa))- (3)



Definition 4
(Rectifier function) We denote by t: R — R the function which
satisfies for all x € R that

t(x) = max{x, 0}. (4)

Definition 5
(Multidimensional rectifier function) Let d € N. Then we denote
by Ry : R — RY the function given by

Rg =M, g (5)
Definition 6

(Clipping function) Let u € [—00,00), v € (u,o0]. Then we denote
by ¢u,v : R — R the function which satisifes for all x € R that

cu,v(Xx) = max{u, min{x, v}}. (6)



Definition 7
(Multidimensional clipping function) Let d € N, u € [—00, 0), and
v € (u,00]. Then we denote by €, , 4 : R? — R the function
given by

Q:u,v,d = 9ﬁcu,v,d- (7)

Definition 8
(Rectified Clipped DNNs) Let d € N, u € [—00,0), v € (u, 0],
Il =(lo,h,...,I1) € NFt1 and 6 € RY, satisfy

L
d > 3 I(lk—1 +1). Then we denote by N9y : Rb — R the
k=1
function which satisfies for all x € Rb that

6,0,lo .
ey (X) L=1
NI (x) = { Ne,a,’/if . (®)

Ry Ry Ryy _15Cuv, (X) tL>1



Structured description of DNNs

Definition 9
We denote by N the set given by

L
N = U U <>< (RIkXIkA % le)> )

LeN (I, h,..., I )eNL+T \k=1
and we denote by P, £L,Z,0:N —= N, #: N — NU {0}, and

o
D:N— ( U NL) the functions which satisfy for all L € N,
1=2

L
Io,h,....IL €N, &€ <>< (R’M’H X R’k)> that
k=1

P(®) = Z (-1 4 1), L(®) = L, Z(®) = hb, O(®) = I,
7‘[(¢)— L*l and D(q)) (/0,/1,...,/L).
Note.L(®) denotes the number of layers, Z(®) denotes the

number of neurons in the input layer, O(®) denotes the numbers
of neurons in the output layer, P(®) the total number of neurons.



Definition 10
(Realization associated to a DNN) Let a € C(R,R). Then we

denote by R,: N — | U C(RX,R’) | the function which
k,JEN

satisfies for all L€ N, oy, 1,..., /[ € N,

L
= (Wi, B1),...,(W.,BL)) € <>< (RIlekfl % le)>' xo € Rb,
k=1
x; € R xp_1 € Rt-1 with Yk e NN (0, L):

Xy = gﬁa’/k(Wkafl + Bk) that

Ra(P) € C(RO,RL) and  (R,(P)) (x0) = Wyxi—1 + B (10)



On the connection to the vectorized description of DNNs

Definition 11

We denote by 7 : N — [ | RY | the function which satisfies for
deN

all L,deN, Ip,h,....IL €N, (D:((Wl,Bl),...,(WL,BL))G
L

<>< (R’mx’mfl XR"") 0= (61,0,...,04) € RY,
m=1

ke {1,2,...,L} with T(®) = 6 that d = P(®),
0 ¢

O (l—a+1))+heh—1+1
i=1

L

Bk _ (;Ii(/i71+1))+/k/k,1+2 " and

L

O lilli—a+1))+hehe—1+
i=1




0 , oo 0
O h(li—1+1)+1 O li(li—1+1)+ k-1
i=1 i=1
0 oo 0
W, — (;/,(/,,1+1)+/k,1+1 (Zj1 (h1+1)4+2h—1
0 oo 6
O illi—1+1)+(he—1) 1 +1 O hilli—1+1)+ 1
i=1 i=1

Lemma 1.1
Let a,be N, W = (W;j)ij)ef12,..atx{12,..b} € RT*P,
B = (Bi)i€{1727---,3} € R2. Then

T(((Wa B))) = (W1,17 SRR Wl,bv SERE) Wa,la ERE) Wa,ba Bla SRR Ba)



Lemma 1.2

Let LeN, o, h,..., I €N,

Wi = (Wiig) (i jyett.2, b x {12, f_q} € RIh1,

Bk = (Bk.i)ic{1,2,..1,} € R, k € {1,2,...,L}. Then it holds for
all k, that

(i)

T((W,B)=Wk11,-- s Wit g Wi 1, -+, Wiy,
Bk,la ey Bka) and,

(ii) T ((Wa, B), ..., (WL, BL)))) =

(W1,171, ey W171’/0, ceey Wl,ll,ly ceey Wl,ll,/m B]_yl, ceey Bl,ll'

sy

le—1>

Wit Wea oo s Weas s Wen 1o Bras - Bry).



Lemma 1.3
Letae C(R,R), e N, LeN, lp,h,...,I €N satisfy
D(®) = (o, h,...,I1). Then it holds for all x € R that

N L
(Ra(®)) (x) = { T )0, (13)
Now, ooy ooy, () 1 L>1

Proof.

Let Wy € Rkxh—1 ke {1,2,..., L} satisfy

& = (W, Br),...,(W,BL)). Then from (11) for x € Rlk1 it
holds that

k—
T(®), 21/(/,-71+1)
WkX + Bk = -A/k 1 (X) (14)

Then for x, € Rk for all k € {1,2,...,L — 1} with



(Cont.)
Xj = ma7/k(Wka,1 + Bk) it holds that x;_1 =

X0 L=1
L—2
T(9),> " i(lim1+1) T(®) 0
S)j‘tayll‘—l o '/4IL_1,/LI_:21 ©--+0 S):nay/l o 'A/I,(/O )’ (XO) : L > 1

Then the result follows from (2) and (10).

Corollary 1.4. Let ® € N. Then it holds for all x € RZ(®) that
(N_Tgl’op(d))) (x) = (Re(®)) (x). We will need this particular
result later in the proof of Corollary 2.6.

Definition 12
(Parallelization of DNNs) Let n € N. Then we denote by
P,: {(P1,P2,...,9,) e N": L(®1)=---=L(P,)} — N the

function which satisfies for all L € N, (lko,..., /) € N1
ke{1,2,...,n},



Sp = (Wi, Br1),- s (Wi, Bir)) €
L
( X (Rhbom>lom-1 5 Rlem) | k € {1,2,...,n} that
m=1

P,(®1,o,...
Wi » 0

0 W2’2
q . .
0 0
Wi, 0

0 Wy
( . .
0 0

,Pn)

0

Wi

((

Wn,2
0

Wn,L

0



Examples of DNNs

1. Let m,ne N, W € R™*". Then we denote by
Ny € R™" x R™ the pair given by My, = (W,0). In this case,
L=1.
2. We denote by J =

d deN
for all d € N that J; = (((
. In thi

and ‘jd = Pd ‘jl,..

Definition 13

(Composition of DNNs) We denote by

()o(): {(P1,P2) e Nx N:Z(P1) = O(®2)} — N be the
function which satisfies for all L, £ € N, Iy, h,...,/,lo,..., L €N,
¢, = ((Wl7 Bl), ey (WL; BL)) c (szl(leX//ﬁl X R/k)),

®y = (W1, B1), ..., (We,Be)) € (kalzl(R[kx[k,l % R:k))

— N the function which satisfies

IO o)

is case, L = 2.



with [y = I((Dl) = O((Dz) = lg that if L > 1 < £ then

Sy 0 Dy = ((Wy1,B1),...,(We—1,Be_1), (W12We, Wi Bg +

Bl), (Wg, B2), ey (WL, BL)), else if L > 1 = £ then

(Dl [ ] (DZ =

(W10, WiB ¢ + By), (Wa, Ba), ..., (W, B )(WiBe, WiBge +
Bl), (Wg, 82), e, (WL, BL)): else if L =1 < £ then

D10 dy = ((W1,B1),...,(We—1,Be_1), (W12e, WBe + By)),
else if L =1 = £ then, ®; e ®y = (WAW¢, Wi1B¢ + Br).

Definition 14 .

(Maximum norm) We denote by |].||| : ( U Rd> — [0, 00) the
d=1

function which satisfies for all d € N, 6 = (61,65,...,04) € R?

that

[0l[| = max |6
ie{12,...d}



Lemma 1.4
Let ®1,®, and all the other variables be the same as described in
definition 13. Then

T (®r0®2)[|| < max{[[|[T(®)II], T ()], [[[T (W12, Wli(BsJ)rBl)lll
15



Analysis of the approximation error

In this section we study the approximation error. In particular, the
main result in in this section is Proposition 2.4 below, establishes
an upper bound for the error in the approximation of a Lipschitz
continuous function by DNNs. This approximation result is
obtained by combining the essentially well-known approximation
result in Lemma 2.1 with the DNN calculus in the previous section.
The elementary result in Lemma 2.2 is basically well-known in the
scientific literature.



Approximations for Lipschitz continuous functions

Lemma 2.1

Let (E,0) be a metric space, let M C E satisfy M # ¢, L € [0,00)
and f : E — R satisfy for all x € E and y € M, that

[f(x) — (y)| < Lé(x,y) and let F : E — R U oo satisfy for all

x € E that F(x) = sup[f( ) — Ld(x, y)]. Then it holds for all

(i) x € E that F(x ) < f(x)

(ii) x € M that F(x) = f(x),

(i) x,y € E that |F(x) — (y)| < Lé(x,y),

(iv) x € E that |F(x) — f(x)| < 2L[yi2,fw<5(x,y)].



DNN representations for maxima

Lemma 2.2

Let ® € N satisfy
1 -1 0

¢ = o 1|.,]o||,((r 1 -1),0
o 1], [o]) (61 9]«

((R3*2 x R3) x (R*3 x R)). Then

(i) it holds for all k € N that L(Jx) = 2,

(ii) there exist unique ¢, € N, k € {2,3, ...}, which satisfy for all
ke {2,3,...} that ¢ = &, Z(d)) = O(P2(P, Ji_1)), and

k1 = Pk ® (P2(P,Jk-1)),

(iii) it holds for k € {2,3,...} that L(¢x) = k

(iv) it holds for k € {2,3,...} that

D(¢x) = (k,2k — 1,2k —3,...,3,1) € Nk,

(v) it holds for k € {2,3,...}, x = (x1,x2, ..., xx) € R¥ that
(Re(ék)) (x) = max{xy, x2, ..., Xk}



Interpolations through DNNs

Lemma 2.3
Let gbk eN, ke {2,3, .. } satisfy I((Dk) = O(Pg((ﬁg,:(k_l)),
Ok+1 = Ok ® (P2(02,Jk—1)), and ¢ € N satisfy

1 -1
¢ = 0O 119,101 ,(({1 1 —-1),0
o 1 ][0 (01 9]«

(R¥2 x R3) x (RV3 x R)), let d €N, L € [0,00) and let
M c R? satisfy M| € {2,3,...}, let m: {1,2,...,|M|} — M be
bijective, let f : M — R and F : R? — R satisfy for all
x = (x1,%2,...,xq) € RY that
d
F(x) = max [f(y)—L<Z \X;—y;!)], let
y=(y1.y2,--.ya)EM i=1
Wi € R29x9 W, ¢ R1¥24 and B, € R??, z € M satisfy for all
z=(z1,22,...,24) EM



1 0 0 —2Z1
-1 0 0 71
0 1 0 —2Z2
Wi = 0 -1 0 [ B,=1 2 | and
o o ... 1 —zy4
0 0 . -1 Z4
W, = (—L Lo L), let Wy € R29IMIxd g, « R2dIMI,
Wi
Wi
Wy € RIMIX2dIM] 3nd B, € RIMI satisfy Wy = | .
Wy
Bm(l) W, 0 0
B 0 W, 0
Bl - m(2) 1 W2 - . 1




3

, and let ® € N satisfy

IMI
b = ‘M (Wi, B1), (W, B2)). Then it holds that
(i) D(® (d 2d|M|,2|M| — 1,2|M| —3,...,3,1) € NIMI+2,
(ii £( ) M| +1,
(iii) [T (®)[| < max{1, L, sup [[|z[[|,2[sup [f(2)[]},
( zeM zeM

iv) F = R(P).



Explicit approximations through DNNs

Proposition 2.4. Let ¢, € N, k € {2,3,...} satisfy
Z(®k) = O(P2(¢2,Jk-1)), Pk+1 = Pk ® (P2(¢2,Jk-1)), and
¢2 € N satisfy

1 -1 0
&= o 1,0 ((1 1 —1),0) €

0 -1 0
(R3*2 x R3) x (RM3 x R)),let d €N, LR and let D C R? be
aset f: D — R satisfy for all x = (x1,x2,...,x4) € D and
y = (1,2, ya) € D that [f(x) = f(y)| < L[ZEy xi — yil], let
M C D satisfy [M| € {2,3,...}, let m: {1,2,...,|M|} - M be
bijective, let Wy € R2¥*d W, ¢ R4 and B, e R? z e M
satisfy for all z = (21, z2,...,24) € M that



1 0 0 —2Z1
-1 0 0 71
0 1 0 —2Z2
Wi = 0 -1 0 [ B,=1 2 | and
o o ... 1 —zy4
0 0 . -1 Z4
W, = (—L Lo L), let Wy € R29IMIxd g, « R2dIMI,
Wi
Wi
Wy € RIMIX2dIM] 3nd B, € RIMI satisfy Wy = | .
Wy
Bm(l) W, 0 0
B 0 W, 0
Bl - m(2) 1 W2 - . 1




f(m(1))
f(m(2)
By = , , and let ® € N satisfy

F(m(|M1))
® = ¢y @ (Wh, B1), (W2, B2)). Then it holds that
(i) D(®) = (d,2d|M|,2|M| — 1,2|M| —3,...,3,1) € NIMI+2,
(i) (17 (®)]]| < max{1, L, sup [Hz[[], 2[sup !f( )I]}.

(iii) sup |£(x) = (Re(®)) (x )I <

2] sup (_inf oSS = i)l
x=(x1,X2,.-,X4)ED y=(y1,y2,--,Yd)EM

Proof.

Let F: RY — R satisfy for all x = (x1, %2, ...,xq) € RY that

F(x) = max [f(y) —L (Z}Ll |xi — y;\)]. Then lemma

y=(1.y2,--,yd)EM
2.3 establishes (i) and (ii). Then, we use lemma 2.1 and lemma

2.3 along with appropriate change of variables according to the
notations in lemma 2.1 to establish (iif).

0J



Implicit approximations through DNNs

Corollary 2.5. Let d,0 € N, L € R and let D C R? be a set
f: D — R satisfy for all x = (x1,x2,...,x¢4) € D and

Y= (1, y2, -+, va) € D that |f(x) — f(y)| < L[X Ly [ — yill,
M C D satisfy |[M| € {2,3,...}, and let

= (/0, h,..., I‘M‘+1) € Nm+2 satisfy

I =(d,2d|M|,2|M| —1,2|M|—3,...,3,1) and

> M|+ 1k(lk—1 + 1) <. Then there exist § € R® such that

k=1
110]]] < max{1, L, sup [[|z|[|, 2[sup [f(z)[]} and
zeM zeM

sup | £(x) — (M%) (¥)] <

xeD

2l]  sup (o inf S |x - yil)].
X=(X1,X2,...,X4)ED y=(¥1,y2,--,Yd)EM



Proof.

From Proposition 2.4 and lemma 2.2 it follows that there exist a
® € N such that sup |[f(x) — (Re(®P)) (x)] <
xeD

2L sup ( inf >4 1 |xi — yi|)] holds. Then
X=(X1,X2,...,X4)ED y=(1.y2,--,yd)EM

using corollary 1.4 the result follows. O
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